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$A,$ $B\in B(H)$ Hilbert $H$ ( ) . L\={o}wner-
Hein2
(LH) $0\leq A\leq B$ $A^{\mathrm{p}}\leq B^{p}$ $\forall p\in[0,1]$
, Furuta ( [8])
. , (operator mean)
, 2, 3 .
(LH) wner [14], Heinz [10]
$\bullet \mathrm{P}\mathrm{e}\mathrm{d}\mathrm{e}\mathrm{r}\mathrm{s}\mathrm{e}\mathrm{n}[17]$ – . spectral radius $r(\cdot)$
{?}
(i) $r(AB)=r(BA)$
(\"u) $r(A)\leq||A||$ , $A=A^{*}$ $r(A)=||A||$
. , $p=1/2$ {?}




$p=k/2^{n},$ $n=1,2,$ $\ldots,$ $k=1,$ $\ldots,2^{n}-1$
(LH) , $p\mapsto A^{p}-B^{\mathrm{p}}$
, $p\in[0,1]$ (LH)
. (LH2) $\Rightarrow(\mathrm{L}\mathrm{H})$ [I1]([7], [15], [18], etc.)
. , Furuta text book [9] ,
1259 2002 14-22
14
$(\mathrm{L}\mathrm{H}2)\Leftrightarrow||A^{1/2}B^{1/2}||\leq||AB||^{1/2}$ for $A,$ $B\geq 0$ .
(LH)
$\bullet \mathrm{A}\mathrm{n}\mathrm{d}\mathrm{o}$ (geometric mean) – . Ando
lecture note [1] $A,$ $B\geq 0$ $A\# B$
:
$A \# B=\max\{X\geq 0;\{\begin{array}{ll}A XX B\end{array}\} \geq 0\}$ .
(1) $A\# B=A^{1/2}(A^{-1/2}BA^{-1/2})^{1/2}A^{1/2}$ ($A$ )
(2) $A\leq B,$ $C\leq D$ $A\# C\leq B\# D$ ( )





$A$ ! $B= \{\frac{1}{2}(A^{-1}+B^{-1})\}^{-1}(=2A(A+B)^{-1}B)$
($A,$ $B$ )
$A$ ! $B$ s-lim(A+\epsilon ) ! $(B+\epsilon)$ ( )
.
$\nabla$ , ! $\geq!$ :
(3) $A\leq B,$ $C\leq D$ $A\nabla C\leq B\nabla D,$ $A$ ! $C\leq B$ ! $D$
(4) $A\nabla B\geq A$ ! $B$
J. I. Fujii [5], [6] .
,
– . $A\geq 0$ ,
$A_{1}=1,$ $B_{1}=A$ ,
An+l=An\nabla B ’ $B_{n+1}=A_{n}$ ! $B_{n}(n\geq 1)$
. $n$ $A\text{ }Bn=B_{n}A_{n}$ , (3), (4)
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$A\text{ }Bn=A_{n-1}B_{n-1}=\cdots=A_{1}B_{1}=A$,
$A_{2}\geq\cdots\geq A_{n}\geq B_{n}\geq\cdots\geq B_{2}$ ,
$A_{\iota+1},-B_{n+1}\leq 1/2(A_{\mathrm{n}}-B,,)\leq 1/2^{n-1}(A_{2}-B_{2})$ .
$\{A_{n}\}$ , $\{B_{n}\}(n\geq 2)$ .
$A_{n}B_{n}=A$ , $A^{1/2}$ ,
$s-\mathrm{J}\mathrm{i}\mathrm{m}n$ $A\text{ }=s-\mathrm{J}\mathrm{i}\mathrm{m}B_{n}=A^{1/2}n$ .
$B(\geq A)$
$A_{1}’=1,$ $B_{1}’=B$ ,














. , $A^{1/2},$ $B^{1/2}$
$X_{A},$ $X_{B}$ ,
(i) $A\leq B$ $X_{A}\leq X_{B}$ ( )
(ii) $X_{A}\in\{A\}^{n}$ (X $A$ )
(iii) $\mathrm{Y}\geq 0,$ $\mathrm{Y}^{2}=A$ $\mathrm{Y}\in\{A\}’$ , $\mathrm{Y}X_{A}=X_{A}\mathrm{Y}$
(iv) $A$ $X_{A}=\mathrm{Y}$ , $A$
, $A\geq 0$
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$\ p_{1}^{\mathrm{Y}}- \mathrm{c}’ \mathrm{g}$ .
(LH) , (LH2) $p=k/2^{n}$ $p$
$p=k/n$ $p$
. $n$ (elementary symmetric function),
$e_{n,0}=1,$
$e_{n,k}=e_{n,k}(x_{1}, \ldots,x_{n})\backslash =\sum_{1<:_{1}<\ldots<:_{k}\leq n}x_{i_{1}}\cdots x_{i_{k}}$
$(k^{-}=\mathrm{I}, \ldots,n)$ ,
.
$q_{n,k}(x_{1,.\prime}.,x_{n})= \frac{e_{n,k}/{}_{n}C_{k}}{e_{n,k-1}/_{n}C_{k-1}}(k=1, \ldots, n)$
. $n=3$ , $x_{1}$ , $x_{2},$ $x_{3}$ 1, 1, $A$
$A_{1}=q_{3,1}(1, \mathrm{I},A),$ $B_{1}=q_{3,2}(1,1,A),$ $C_{1}=q_{3,3},(1,1,A)$ ,
$A_{m+1}=q_{3,1}(A_{m}, B_{m},C_{m}),$ $B_{m+1}=q_{3,2}(A_{m}, B_{m},C_{m})$ ,
$C_{m+1}=q_{3,3}(A_{m}, B_{m},C_{m})$ $(m\geq 1)$
, 3 $\{A_{m}\},$ $\{B_{m}\}$ ,
$\{C_{m}\}$ , $A^{1/3}$ .





2, 3 . 2
$\sigma:(A, B)\in B(H)_{+}\mathrm{x}B(H)_{+}\ovalbox{\tt\small REJECT}\mapsto A\sigma B\in B(H)_{+}$
$(\mathrm{i})-(\mathrm{i}\mathrm{v})$ , .
(i) $A\leq B,$ $C\leq D$ $A\sigma C\leq B\sigma D$
(ii) $C(A\sigma B)C\leq CAC\sigma CBC$
(iii) $A_{n}\downarrow A$ , $B\text{ }$ \downarrow B An\sigma B $\downarrow A\sigma B$ ( )
(iv) $I\sigma I=I$
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$\sigma$ [ , $f(x)=\hat{\sigma}(x)=1\sigma x(=I\sigma xI)$ [ $f(x)$
, D $[0, \infty)$ (operator monotone
function), $A\leq B$ $f(A)\leq f(B)$ , :
$\sigma\ovalbox{\tt\small REJECT}\mapsto\nu f=\hat{\sigma}\}$ $f(1)=1$
1 1 . ( $f$ 1 $\sigma$
(representing funcfion) .) $\sigma$ ,
(transpose) $\sigma’$ : $A\sigma’B=B\sigma A$
$\sigma=\sigma’$ ,$\sigma$ (symmetric).
(adjoint) $\sigma^{*}:$ $A\sigma^{*}B=(A^{-1}\sigma B^{-1})^{-1}$ ($A,$ $B$ )
(dual) $\sigma^{[perp]}:$ $\sigma^{[perp]}=(d)$ .
.
3 $\sigma,$ $\tau,$ $\rho$ , $(\sigma)\tau(\rho)$
$A(\sigma)\tau(\rho)B=(A\sigma B)\tau(A\rho B)$
.
J. I. Ehj\"u , (
)
$A_{1}=A\nabla B,$ $B_{1}=A$ ! $B$
,
An+l=An\nabla B ’ Bn+l=A ! $B_{n}(n\geq 1)$
. , $=A\sigma_{n}B,$ $B_{n}=A\tau_{n}B$ ,
$\sigma_{1}=\nabla,$ $\tau_{1}=!$ ,
$\sigma_{n+1}=(\sigma_{n})\nabla(\tau_{n}),$ $\tau_{n+1}=(\sigma_{n})$ ! $(\tau_{n})$ $(n\geq 1)$
. ,
$s-\cdot \mathrm{f}\mathrm{f}\mathrm{i}A_{n}=s-\mathrm{J}\mathrm{i}\mathrm{m}B_{n}=A\# Bnarrow\infty n$
,
$A(\nabla \mathrm{x} ! )B=A\# B$
$(*)$ $\nabla \mathrm{x}$ ! $=\#$
. , 2 $\sigma \mathrm{x}\tau$
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, $\sigma$ $\tau$ (composition) . , $\sigma,$ $\tau$
trivial . $(A\ovalbox{\tt\small REJECT} B\ovalbox{\tt\small REJECT} A,$ $A\downarrow B\ovalbox{\tt\small REJECT} B$
$\omega_{1},$ $\omega_{7}$ trivial .)
23 .’ $\ovalbox{\tt\small REJECT}$ $\ovalbox{\tt\small REJECT}$
2.1(cf. [13]) $\sigma$ $\tau$ trivial ,
.
$(.\mathrm{I})\sigma=\sigma’,\tau=d$ $\sigma \mathrm{x}\tau=\tau \mathrm{x}\sigma$
(2) $(\sigma \mathrm{x}\tau)’=\tau’\mathrm{x}\sigma’$
(3) $(\sigma \mathrm{x}\tau)^{*}=\sigma^{*}\mathrm{x}\ovalbox{\tt\small REJECT}$
(4) $(\sigma \mathrm{x}\tau)^{[perp]}=\tau^{[perp]}\mathrm{x}\sigma^{[perp]}$
$=!$ , $(*)$ $\mathrm{x}$ $=\#$ .
.




$\nabla\cross\#=\gamma$ (Gauss $\text{ }\infty,$).




$A_{1}=A\sigma B,$ $B_{1}=A_{1}\tau B$
$\dot{u.}$ .




& \mbox{\boldmath $\tau$}=k $\mathrm{b}T\xi$. $\sim-\sigma$) $\mathrm{g}\mathrm{g}\mathrm{t},$ $\mathrm{r}_{\mathrm{I}}\mathfrak{B}\emptyset \mathrm{R}\# k\mathrm{p}\mathrm{R}\mathrm{f}\mathrm{f}\mathrm{l}\mathrm{I}^{\vee}$.
$(X$ :=$)$w-m $A\text{ }=\mathrm{w}-\mathrm{l}\mathrm{m}$ B





2.5 $\sigma$ $\tau$ trivial














$(x, y>0, x\neq y)$
$x-y$




$1( \nabla\tilde{\mathrm{x}} ! )x=\frac{1+x}{2}$ . $(x>0)$ .
: $a_{1}=1,$ $b_{1}=x,$ $a_{n+1}=a_{n}\nabla b_{n},$ $b_{n+1}=a_{n+1}$ ! $b_{n},$ $r_{n}= \frac{a}{b}\mathrm{A}n$ , $\rho_{n+1}=$





} , $a_{n+1}= \rho_{n+1}\ldots\rho_{2}\cdot a_{1},1(\nabla\tilde{\mathrm{x}} ! )x=\lim_{narrow\infty}a_{n}$ \mbox{\boldmath $\nu$}‘ ,
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